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Classic Interaction Model

• Y→ response

• XE → environment

• Xj → predictors, j = 1, . . . , p

Y = β0 · 1+
p∑
j=1

βjXj + βEXE +
p∑
j=1

αjXEXj + ε
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Heredity Property1

Y = β0 · 1+
p∑
j=1

βjXj + βEXE +
p∑
j=1

αjXEXj + ε

Strong Hierarchy

α̂j ̸= 0 ⇒ β̂j ̸= 0 and β̂E ̸= 0

Weak Hierarchy

α̂j ̸= 0 ⇒ β̂j ̸= 0 or β̂E ̸= 0

1Chipman, 1996, Canadian Journal of Statistics
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Hierarchical Interactions: Current State of the Art

Type Model Software

Linear CAP (Zhao et al. 2009, Ann. Stat) 7

SHIM (Choi et al. 2009, JASA) 7

hiernet (Bien et al. 2013, Ann. Stat) hierNet(x, y)
GRESH (She and Jiang 2014, JASA) 7

FAMILY (Haris et al. 2014, JCGS) FAMILY(x, z, y)
glinternet (Lim and Hastie 2015, JCGS) glinternet(x, y)
RAMP (Hao et al. 2016, JASA) RAMP(x, y)

Non-
linear

VANISH (Radchenko and James 2010, JASA) 7

funshim (Bhatnagar et al. 2017+) funshim(x, e, y)
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Lasso interaction model

Y = β0 · 1+
p∑
j=1

βjXj + βEXE +
p∑
j=1

αjXEXj + ε

argmin
β0,β,α

L(Y; Θ) + λ(∥β∥1 + ∥α∥1)
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Reparametrization2

Reparametrization

αj = γjβjβE

Model

Y = β0 · 1+
p∑
j=1

βjXj + βEXE +
p∑
j=1

γjβjβEXEXj + ε

Objective Function

argmin
β0,β,γ

L(Y; Θ) + λβ

p∑
j=1

wj|βj|+ λγ

p∑
j=1

wjE|γjE|

2Choi et al. 2010, JASA
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funshim: An Extension to
Nonlinear Effects
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Basis Expansion

fj(Xj) =
pj∑

ℓ=1

ψjℓ(Xj)βjℓ

f(X1) =



ψ11(X11) ψ12(X12) · · · ψ11(X15)
...

... · · · ...
...

... · · · ...
ψ11(Xi1) ψ12(Xi2) · · · ψ11(Xi5)

...
... · · · ...

...
... · · · ...

ψ11(XN1) ψ12(XN2) · · · ψ11(XN5)


N×5︸ ︷︷ ︸

Ψ1

×



β11
β12
β13
β14
β15


5×1︸ ︷︷ ︸

θ1
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funshim

• θj = (βj1, . . . , βjpj) ∈ Rpj

• αj = (αj1, . . . , αjpj) ∈ Rpj

• Ψj → n× pj matrix of evaluations of the ψjℓ

Model

Y = β0 · 1+
p∑
j=1

Ψjθj + βEXE +
p∑
j=1

XEΨjαj + ε
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funshim

Reparametrization

αj = γjβEθj

Model

Y = β0 · 1+
p∑
j=1

Ψjθj + βEXE +
p∑
j=1

γjβEXEΨjθj + ε

Objective Function

argmin
βE,θ,γ

L(Y; Θ) + λβ

wE|βE|+ p∑
j=1

wj∥θj∥2

 + λγ

p∑
j=1

wjE|γj|
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Algorithm
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Block Relaxation (De Leeuw, 1994)

Algorithm 1: Block Relaxation Algorithm
Set the iteration counter k← 0, initial values for the parameter
vector Θ(0);
for each pair (λβ, λγ ) do

repeat

γ(k+1) ← argmin
γ

Qλβ ,λγ

(
γ, β

(k)
E ,θ(k)

)
θ(k+1) ← argmin

θ
Qλβ ,λγ

(
θ, β

(k)
E ,γ(k+1)

)
β
(k+1)
E ← argmin

βE

Qλβ ,λγ

(
θ(k+1), βE,γ

(k+1)
)

k← k+ 1
until convergence criterion is satisfied;

end 17



Implementation3

Objective Function

argmin
βE,θ,γ

L(Y; Θ) + λβ

wE|βE|+ p∑
j=1

wj∥θj∥2

 + λγ

p∑
j=1

wjE|γj|

Lasso problem (glmnet, Friedman, Hastie & Tibshirani 2010)

argmin
γ

L(Y; Θ) + λβ

wE|βE|+ p∑
j=1

wj∥θj∥2

 + λγ

p∑
j=1

wjE|γj|

3https://github.com/sahirbhatnagar/funshim
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Implementation4

Objective Function

argmin
βE,θ,γ

L(Y; Θ) + λβ

wE|βE|+ p∑
j=1

wj∥θj∥2

 + λγ

p∑
j=1

wjE|γj|

Group Lasso problem (gglasso, Yang and Zou 2015)

argmin
βE,θ

L(Y; Θ) + λβ

wE|βE|+ p∑
j=1

wj∥θj∥2

 + λγ

p∑
j=1

wjE|γj|

4https://github.com/sahirbhatnagar/funshim
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Simulations
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Scenario 1

• Y =
∑5

j=1 f(Xj) + XE + E(f(X1) + f(X2))

• f(·)→ B-splines with 5 df

• θj ∼ N (0, 1)

• N = 400, p = 50

• 50× 5× 2+ 1 = 501 parameters to estimate
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Scenario 1: Cross-validation results

funshim::plot(cvfit)
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Scenario 1: Main Effects
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Scenario 1: Interaction Effects
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Scenario 2

• Y =
∑4

j=1 f(Xj) + XE + E(f(X3) + f(X4))

• f(X1)→ linear

• f(X2)→ quadratic

• f(X3)→ sinusoidal

• f(X4)→ complicated sinusoidal
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Scenario 2: Main Effects
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Scenario 2: Interaction Effects
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Scenario 2: Interaction Effects
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Discussion
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Strengths and Limitations

Strengths

• Environment interactions with strong heredity property in
p >> N

• funshim allows for flexible modeling of input variables
(imaging, gene expression, DNA methylation)

• R package provided with tuning parameter selection routines

Limitations

• Can only handle E · f(X) or f(E) · X
• Does not allow for f(X1, E) or f(X1, X2)

• Current implementation is slow due to cross validation for 2
tuning parameters
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Future Directions

• Are two tuning parameters really necessary ?

λ

(1− α)

wE|βE|+ p∑
j=1

wj∥θj∥2

 + α
p∑
j=1

wjE|γj|


• Weak heredity property→ αj = γj(|βj|+ |βE|)
• Numerical convergence and KKT checks

• Information Criterion instead of CV for tuning parameters

• Extension to GLM

• User defined interactions

• Non-parametric screening prior to model fitting

• Real data analysis
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