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In the context of survival analysis, data-driven neural network-based methods have been developed to model
complex covariate effects. While these methods may provide better predictive performance than regression-
based approaches, not all can model time-varying interactions and complex baseline hazards. To address this,
we propose Case-Base Neural Networks (CBNNs) as a new approach that combines the case-base sampling

Survival analysis framework with flexible neural network architectures. Using a novel sampling scheme and data augmentation

Machine learning to naturally account for censoring, we construct a feed-forward neural network that includes time as an

Case-base input. CBNNs predict the probability of an event occurring at a given moment to estimate the full hazard

Neural network function. We compare the performance of CBNNs to regression and neural network-based survival methods
in a simulation and three case studies using two time-dependent metrics. First, we examine performance on
a simulation involving a complex baseline hazard and time-varying interactions to assess all methods, with
CBNN outperforming competitors. Then, we apply all methods to three real data applications, with CBNNs
outperforming the competing models in two studies and showing similar performance in the third. Our results
highlight the benefit of combining case-base sampling with deep learning to provide a simple and flexible
framework for data-driven modeling of single event survival outcomes that estimates time-varying effects and
a complex baseline hazard by design. An R package is available at https://github.com/Jesse-Islam/cbnn.

1. Introduction associations with long-term mortality following coronary artery bypass
graft surgery (Gao et al., 2006). A time-varying effect of body mass
index has been associated with all-cause mortality in hypertensive
patients (Zhu et al., 2022) and the effect of long-term statin use on type
2 diabetes onset varies with time (Na, Cho, Kim, Choi, & Han, 2020).
The time-varying effect of tumor size has been associated with the risk
of cancer recurrence (Coradini et al., 2000). Time-varying interactions
were identified in appraisals of 28 of 40 targeted and immuno-oncology
therapies reported by the National Institute for Health and Care Ex-
cellence, highlighting the importance of accounting for time-varying
features in cancer treatment studies (Salmon & Melendez-Torres, 2023).
These time-varying covariate effects can be incorporated easily into
AFT models; however, this requires prior knowledge of potential time-
varying interactions and their quantitative effects (Royston & Parmar,

A common assumption in survival analysis is that the risk ratio
of the event of interest does not vary with time which has led to
the dominance of proportional hazard models (Cox, 1972; Hanley &
Miettinen, 2009). This simplifying assumption explains the popularity
of Cox proportional hazards models over smooth-in-time, accelerated
failure time (AFT) models and results in analyses based on hazard
ratios and relative risks rather than on survival curves and absolute
risks (Hanley & Miettinen, 2009). The proportional hazards assumption
in a Cox model may be incorrect in studies where the disease patho-
genesis may change over time. For example, age, chronic obstructive
pulmonary disease, diabetes mellitus, existing heart disease, prior heart
surgery, intra-aortic balloon pump, urgent and emergent surgical pri-
ority are all preoperative factors that have demonstrated time-varying
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2002). In this study, we develop a method that accounts for these time-
varying effects without user specification, improving risk prediction
models.

We propose Case-Base Neural Networks (CBNNs) as a data-driven
method for single event survival analysis. CBNNs use the case-base
sampling technique, which allows probabilistic models to predict sur-
vival outcomes by adjusting for a sampling-specific bias with an offset
term (Hanley & Miettinen, 2009). After case-base sampling, we imple-
ment a model using common neural network components that use time
as a feature to estimate time-varying interactions and a flexible baseline
hazard.

In this paper, we first review state-of-the-art deep learning methods
for survival analysis to position CBNN relative to related works. Second,
we describe the case-base sampling procedure and compare its proper-
ties to neural network models, along with our hyperparameter selection
criteria, metrics, and software implementation. Third, we compare the
performance of CBNN to neural network and regression-based survival
methods on simulated data and describe their performance in three
case studies. Finally, we explore the implications of our results and
contextualize them within neural network survival analysis in a single
event setting.

2. Related works

Deep learning approaches for survival analysis can be grouped into
four broad categories: models that ignore censoring; Cox partial log-
likelihood; discrete survival time; and fully parametric. We wish to
distinguish models, where the innovation is provided by the neural
network architecture, from frameworks, which alter how the survival
outcome is interpreted. Based on this distinction, any framework can
use any neural network architecture.

2.1. Survival models that ignore censoring

Survival analysis methods handle censored data, where the event
time of interest may not be known. Several methods have been devel-
oped to ignore these censored individuals during the fitting process,
simplifying the survival problem. For example, Zadeh Shirazi, Forna-
ciari, Bagherian, Ebert, Koszyca, and Gomez (2020) model survival
data in a deep learning context, where the model predicts survival
rate categories. In contrast, two other studies predict the probability
of a bad prognosis by integrating imaging and gene expression data,
using either a bilinear network (Wang, Li, Wang, & Li, 2021) or an
attention layer with transfer learning for the imaging features and
ensemble forests for gene expression (Jia et al., 2023). Though these
methods predict a simple binary outcome, they are unable to estimate
the hazard function. These architectures can be inserted into the CBNN
framework which provides the added flexibility of estimating complex
baseline hazards and time-varying effects. Rather than converting time-
to-event outcomes into a risk-of-prognosis score, CBNNs can model the
full hazard function.

2.2. Cox partial log-likelihood

Several architectures using the Cox partial log-likelihood have been
proposed for conventional tabular datasets. DeepSurv is a neural
network-based proportional hazards model (Katzman et al.,, 2018),
which has been used to develop prediction models for several clinical
scenarios (Bice et al., 2020; Kim et al., 2019; She et al., 2020; Yu,
Huang, Feng, & Lyu, 2022). Ching, Zhu, and Garmire (2018) use
gene expression data as input to a single hidden layer neural network
to model cancer survival, an approach which is outperformed by
an autoencoder with Cox regression model (Yin, Chen, Wu, & Wei,
2022) and a convolutional model with residual networks (Huang et al.,
2020). In parallel, Hao, Kim, Kwon, and Ha (2021) assess simple Cox
neural networks in a high dimensional setting against random forest
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and penalized regression approaches. As a more complex model for
gene expression, Meng et al. (2022) propose to first fit a generative
adversarial network (GAN) to the expression data before transferring
the weights to a Cox neural network. These methods provide data-
agnostic architectures in clinical settings that do not take advantage
of known relationships between features.

Other approaches use the prior knowledge of existing structure
between features to improve predictive performance. For example,
Chen et al. (2023) transfer the embeddings of pre-trained convolutional
layers on histopathological images to an autoencoder, the central layer
of which is passed into a linear Cox regression to predict cervical
cancer survival. Histopathological images were also used to predict
lung cancer survival, using either convolutional layers (Zhu, Yao, Zhu,
& Huang, 2017) or a convolutional transformer and Siamese network
model with a modified Cox partial log-likelihood loss function that
accounts for aleatoric uncertainty (Tang et al., 2023). Kaynar et al.
(2023) propose a pathway-informed model integrating metabolomic
data and known metabolic pathways to predict survival in patients with
glioma. To assess cardiovascular risk, Barbieri et al. (2022) propose a
sex-specific neural network model using bidirectional gated recurrent
units to represent recent clinical history. These architectures focus on
structure within unimodal datasets and extend the concepts proposed
by data-agnostic architectures.

Other approaches integrate prior knowledge across multiple modali-
ties to improve predictive performance. Hao, Jing, and Sun (2022) use
sample similarity and correlations across three genomic data modali-
ties, then integrate them in a graph neural network to model cancer
outcomes. To integrate genomic and imaging data, Mobadersany et al.
(2018) make use of convolutional layers and Li, Wu, Li, and Wang
(2022) propose a factorized bilinear network as an improvement over
an unfactorized network. Finally, Chen et al. (2020) integrate spatial
transcriptomics as well, using both convolutional layers and graphical
neural networks. Whether data-agnostic, data-specific or multi-modal,
all these models make use of the Cox partial log-likelihood and assume
time-invariant effects.

2.3. Discrete-time

Discrete-time survival models make survival predictions for spec-
ified intervals of follow-up time. For example, DeepHit directly es-
timates survival probabilities and assumes an inverse Gaussian dis-
tribution as the baseline hazard (Lee, Zame, Yoon, & Schaar, 2018).
The same goal is accomplished by Gensheimer and Narasimhan (2019)
using basic hidden layers and Giunchiglia, Nemchenko, and van der
Schaar (2018) using a recurrent neural network architecture. To es-
timate a piecewise hazard, Kopper, Wiegrebe, Bischl, Bender, and
Riigamer (2022) convert survival data into a piecewise exponential
data format and propose a computationally efficient neural network.
To predict cancer survival, Wulczyn et al. (2020) incorporate prior
knowledge of image motifs using convolutional layers. Discrete-time
neural network models have also been used with multi-modal data. To
predict long term cancer survival, Vale-Silva and Rohr (2021) propose
a model integrating images along with transcriptomic, genomic and
epigenomic data. All these methods provide a discrete estimate of
survival outcomes dependent on the follow-up times of interest.

2.4. Fully parametric framework

Fully parametric methods provide an estimate of the full hazard
function. For example, Deep Survival Machines (DSM), uses neural
networks with a mixture of distributions to fit a flexible baseline
hazard (Nagpal, Li, & Dubrawski, 2021). This method extends to set-
tings where the covariates are measured multiple times (i.e. time-
series) (Nagpal, Jeanselme, & Dubrawski, 2021). However, the initial
reports did not assess performance when time-varying effects of base-
line measurements are present (Nagpal, Jeanselme, & Dubrawski, 2021;
Nagpal et al., 2021).
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clinical datasets often show significant time-varying effects that
are relevant to disease-specific outcomes (Coradini et al., 2000; Gao
et al., 2006; Na et al., 2020; Salmon & Melendez-Torres, 2023; Zhu
et al.,, 2022). Not limited to these diseases, we expect all models
that predict a survival outcome may gain improved performance by
accounting for non-proportional hazards. Cox partial log-likelihood
based models assume the effects are time invariant (Cox, 1972). CBNNs
accounts for the time-varying effects by design. For all the discrete-
time frameworks and architectures, a selection of smaller intervals
of time or more survival times of interest may result in a few or
no events per interval, which potentially leads to instability in the
optimization function (Bhatnagar*, Turgeon*, Islam, Hanley, & Saarela,
2022). In contrast, selecting larger intervals may mask nonlinear, time-
varying effects in the hazard function (Bhatnagar* et al., 2022). CBNNs
can model time-varying interactions and a complex baseline hazard
function without the trade-off between long or short interval lengths.
CBNNs also estimate a full hazard function for all of follow-up time,
rather than discrete intervals of follow-up-time. Compared to fully
parametric approaches like DSM, CBNN explicitly incorporates time
into the model, providing a simple way to account for time-varying
effects that improve survival prediction.

3. Case-base neural network, metrics, hyperparameters and soft-
ware

Case-base sampling is an alternate framework for survival analy-
sis (Hanley & Miettinen, 2009), which converts the total survival time
into discrete person-time coordinates (person-moments). In this section,
we detail how CBNNs explicitly incorporate time as a feature while
adjusting for the sampling bias in case-base sampled data; describe
the metrics; and describe the hyperparameter selection procedure used
to compare CBNN with other methods. An R package to use CBNN is
available at https://github.com/Jesse-Islam/cbnn. The entire code base
to reproduce the figures and empirical results in this paper is available
at https://github.com/Jesse-Islam/cbnnManuscript.

3.1. Case-base sampling

To implement case-base sampling, we divide the total survival time
for each individual into discrete person-moments and treat each person-
moment as a sample. This creates a base series of person-moments where
an event does not occur. This base series complements the case series,
which contains all person-moments at which the event of interest
occurs.

For each person-moment sampled, let X; be the corresponding
covariate profile (x;;, x5, ...,%;,), T; be the time of the person-moment
and Y; be the indicator variable for whether the event of interest
occurred at time T;. We estimate the hazard function A(r | X;) using
the sampled person-moments. Recall that (¢ | X;) is the instantaneous
risk of experiencing the event at time ¢ for a given set of covariates X,
assuming T; > t.

Now, let b be the (user-defined) size of the base series and let B
be the sum of all follow-up times for the individuals in the study. Let
¢ be the number of events in the case series. A reasonable concern is
determining how large b should be relative to ¢, since the size of b
influences how much information is lost in the sampling process (Han-
ley & Miettinen, 2009). The relative information when comparing two
averages is measured by % = % + % , where b is the sample size
of the base series and ¢ is the sample size of the case series (Hanley &
Miettinen, 2009; Mantel, 1973). If b = 100c, then we expect learned
weights to be at most one percent higher than if the entire study base B
was used, as they are proportional to %+ﬁ rather than %+ (Hanley
& Miettinen, 2009; Mantel, 1973).

If we sample the base series uniformly across the study base, then the
hazard function of the sampling process is equal to b/B. Therefore, we

L
coc
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have the following equality (Saarela & Hanley, 2015) [For a rigorous

treatment, see Saarela & Hanley (2015) section 3]:
P(lellxl’Tl)zh(Tllxt) (1)

P(Y,=01X,T)  b/B

The odds of a person-moment being in the case series is the ratio of the
hazard A(T; | X;) and the uniform rate 5/B. Using (1), we can see how
the log-hazard function can be estimated from the log-odds arising from
case-base sampling:

log(h(thl-))=log<M>+log(%>. @)

P(Y,=0]X,1)

To estimate the correct hazard function, we adjust for the bias
introduced when sampling a fraction of the study base (%) by adding

the term log (% to offset log (% during the fitting process. See Al-
gorithm 1 for a pseudocode implementation of the case-base sampling
procedure. For a discussion of the connection between our objective
function and the full data likelihood, see Saarela (2016).

Algorithm 1: Pseudocode algorithm of the case-base sampling
procedure.

1 function sampleCaseBase(X);
Input : X = matrix of covariate profiles.
Xr = Vector of event times for each profile.
Xy = Vector of event indicators for each profile.

Output: Case-base sampled data matrix.
n = length(X;) ; /* Number of subjects */
B =Sum(X;); /* Total person-time in study base

*/
¢ = Sum(Xy) ;
b=100 *c;
fori=1,...,ndo

‘ Set p; = Xp[il/B;
end
while j < b do
10 Sample ¢ from {1, ...,n} with probabilities p,,...,p,
11 Set baseSeries[j,] = X[¢,]
12 Sample baseSeriesy[j] from Uniform(0, X,[#])
13 end
14 Set caseSeries = X[ Xy == 1,].
15 return(concatenate(baseSeries,caseSeries))

w N

/* Number of cases */
/* Number of base samples */

O 0 N o U s

3.2. Neural networks to model the hazard function

After case-base sampling, we pass all features, including time, into
any user-defined feed-forward component (Fig. 1). Then, we add an
offset term and pass the output through a sigmoid activation function
(Fig. 1). Since we are interested in predicting the odds of an event
occurring, the sigmoid activation function is ideal as it is the inverse of
the odds and can be used to calculate the hazard. The general form for
any feed-forward neural network architecture using CBNN is:

P(Y = 1|X.T) = sigmoid (fg(X,T)+]0g<§>),

where T is a random variable representing the event time, X is the
random variable for a covariate profile, f,(X,T) represents any feed-

forward neural network architecture, log ’—:

adjust for the bias (10g (%)) set by case-base sampling, 0 is the set

of parameters learned by the neural network and sigmoid(x) = H%

By approximating a higher-order polynomial of time using a neural
network, the baseline hazard specification is now data-driven, while
user-defined hyperparameters such as regularization, number of layers
and nodes control the flexibility of the hazard function.

is the offset term to


https://github.com/Jesse-Islam/cbnn
https://github.com/Jesse-Islam/cbnnManuscript

J. Islam et al.

Case-base

Original data sampled data

Time|Status|x,|x,|...|x |Offset

Time|Status|x, |x,|...[x

Case-base
sampling
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Model Output

Feed-forward
neural network
architecture

Add
layer

»f-» Probability

sigmoid

Fig. 1. Methodological steps involved in CBNN. The first step, case-base sampling, is completed before training begins. Then, we pass this sampled data through a feed-forward
neural network, add an offset to adjust for the bias inherent in case-base sampling and apply a sigmoid activation function to estimate a probability. Once the neural network
model completes its training, we can convert the probability to a hazard for the survival outcome of interest.

The following derivation shows how our probability estimate is
converted to odds:

log (h(t | X)) = log

sigmoid ( Fo(X.T) +log (
g

1 — sigmoid ( fo(X.T)+1o

)
)

exp(fH(X,T)+10g( %))H

exp( fo(X,T)+1og(§

— T AL
exp(f{,,(X,T)+log( IE )

= log (CXP (fe(X,T) +log (E
= fg(XsT)+log(§) +log

= fo(X,T).

We use binary cross-entropy as our loss function (Gulli & Pal, 2017),
from which we calculate:

N
1 ~ ~
LO) = -~ <§ yi - log(fp(xis 1) + (1 = y;) - log(1 — fg(x,-,t,-))> ,

where fy(x;,1;) is our estimate for a given covariate profile and time,
y; is our target value specifying whether an event occurred, and N
represents the number of individuals in our training set.
Backpropagation with an appropriate minimization algorithm (such
as Adam, RMSPropagation, stochastic gradient descent) is used to
optimize the parameters in the model (Gulli & Pal, 2017). For our
analysis, we use Adam (Kingma & Ba, 2014). While the size of the case
series is fixed as the number of events; the size of the base series is not
restricted. We use a ratio of 100:1 base series to case series (Hanley &
Miettinen, 2009). After fitting our model, we convert the output to a
hazard. To use CBNN for predictions, we manually set the offset term
log g% ) to 0 in the new data as we already account for the sampling
bias during the fitting process.
Since we are directly modeling the hazard, we can readily estimate
the risk function (F) at time 7 for a covariate profile X,

'
F(t|X):l—exp<—/ h(ulX)du). 3
0

We use a finite Riemann sum (Hughes-Hallett, Gleason, & McCallum,
2020) to approximate the integral in (3).

3.3. Performance metrics

To choose our method-specific hyperparameters, we use the Inte-
grated Brier Score (IBS) (Graf, Schmoor, Sauerbrei, & Schumacher,

1999), which is based on the Brier Score (BS) and provides a sum-
marized assessment of performance for each model. We assess the
performance of models on a held-out dataset using two metrics: (1)
the Index of Prediction Accuracy (IPA) (Kattan & Gerds, 2018); and (2)
the Inverse probability censoring weights-adjusted time-dependent area
under the receiver operating characteristic curve (AUC pcy,) (Blanche
et al., 2015). The IPA score is a metric for both discrimination and
calibration, while the AUC;pcy, provides a metric for discrimination
only.

3.3.1. Brier score (BS)
The BS (Graf et al., 1999) is defined as

~ 2
_ 1o [((SFOX0) a@s=h px s
BSW =5 Xiy G(T) )

) 4

where 6; = 1 shows individuals who have experienced the event, N
represents the number of samples in our dataset over which we calcu-
late BS(1), T; is the survival or censoring time of an individual, @(t) =
Plc > 1] is a non-parametric estimate of the censoring distribution
and c is censoring time. The BS provides a score that accounts for the
information loss because of censoring. Once we fix our ¢ of interest, the
individuals in the dataset can be divided into three groups. Individuals
who experienced the event before ¢ are present in the first term of the
equation. The second term of the equation includes individuals who
experience the event or are censored after ¢. Those censored before ¢
(the remaining individuals) are accounted for by the IPCW adjustment
(G(+)) present on both terms.

3.3.2. Integrated brier score (IBS)
The Integrated Brier Score (IBS) is a function of the BS (4) (Graf
et al., 1999), which is defined as

tmax
IBS(t) = / BS(t)duw(t),
t
where w(r) = [; and ¢,,,, is the upper bound for the survival times
of interest. As the IBS is calculated for a range of follow-up times, it
is a useful metric to track overall performance across all of follow-up

time during cross-validation. We use the IPA score to get an estimate
of performance for a range of follow-up times in our studies.

max

3.3.3. Index of prediction accuracy (IPA)
The IPA is a function of time, based on the BS. The IPA score is
given by

BSmodel(I)

IPA() = 1 — ,
BSnull(l)
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where BS,,,,.(1) represents the BS over time (¢) for the model of interest
and (S,,,)(t) represents the BS if we use an unadjusted Kaplan-Meier
(KM) curve as the prediction for all observations (Kattan & Gerds,
2018). The IPA score has an upper bound of one, where positive values
show an increase in performance over the null model and negative
values show that the null model performs better. As an extension of
BS, the IPA score assesses both model calibration and discrimination
and shows how performance changes over follow-up time (Graf et al.,
1999; Kattan & Gerds, 2018).

3.3.4. Inverse probability censoring weights-adjusted time-dependent area
under the receiver operating characteristic curve (AUCpcy)

The IPCW-adjusted AUC (AUC;pcy/) is a time-dependent metric
that considers censoring (Blanche et al., 2015). For a given follow-up
time of interest,

AUCpew (1)
n n
it Zij=i Leaxps Faxy) " In<is=1- (1 - IT‘,SL,&‘,=1) Y

Yimi Ximi In<is=1 - (1 - IT,gx.a,:l) Wi - Wi

B
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—_— .
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The AUC;pcy, measures discrimination (Blanche et al., 2015). By

examining both IPA and AUC;pcy,, we can better understand whether
a model performs better in terms of calibration or discrimination.

LAOKS

3.4. Hyperparameter selection

Neural networks require external parameters that constrain the
learning process (hyperparameters). We apply the following hyperpa-
rameter optimization procedure to each method for each study. First,
we fix a test set with 15% of the data which we keep aside during
hyperparameter selection. To determine the best hyperparameters for
each neural network method, we use a three-fold cross-validated grid
search on the remaining data (85% training, 15% validation) for the
following range of hyperparameters:

Learning rate ~ {0.001,0.01}
Dropout ~ {0.01,0.05,0.1}

First layer nodes ~ {50,75, 100}
Search space : { Second layer nodes ~ {10,25,50}
Number of batches ~ {100, 500}
Activation function ~ {ReLU, Linear}
a ~ {0,0.5,1} (DeepHit only).

For all methods, we use the training set to estimate the mean and
standard deviation and scale each covariate of interest other than time,
which is divided by the training set maximum. For CBNN, we perform
case-base sampling independently for the training and validation sets,
then use the estimated training offset as our validation offset. The
linear models combine the training set and validation set for training.
DeepHit uses « as a hyperparameter, while DeepSurv and CBNN do not.
We track IBS on the validation set for each hyperparameter combina-
tion, choosing the combination with the lowest score for each method
(Table 1).

3.5. Software implementation

R (R. Core Team, 2021) and Python (Van Rossum & Drake, 2009)
are used to evaluate methods from both languages. We fit Cox mod-
els using the survival package (Therneau & Grambsch, 2000) and
CBLR models using the casebase package (Bhatnagar, Turgeon, Islam,
Hanley, & Saarela, 2020). Both DeepSurv and DeepHit are fit using
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pyCox (Lee et al., 2018). We made the components of CBNN using
the casebase package (Bhatnagar et al., 2020) for the sampling step
and the keras package (Allaire & Chollet, 2021) for our neural net-
work architecture. We use the simsurv package (Brilleman, Wolfe,
Moreno-Betancur, & Crowther, 2020) for our simulation studies and
flexsurv (Jackson, 2016) to fit a flexible baseline hazard using splines
for our complex simulation. The riskRegression package (Gerds &
Kattan, 2021) is used to get the IPA and AUC;pcy,. We modify the
riskRegression package to be used with any user supplied risk function
F. We use the reticulate package (Ushey, Allaire, & Tang, 2021) to run
both R and Python based methods on the same seed.

4. Simulation study

We simulate data to evaluate the performance of CBNN in compari-
son with existing regression (Cox, CBLR) and neural network (DeepHit,
DeepSurv) methods. We specify a linear combination of each covariate
as the linear predictor in the regression-based methods (Cox, CBLR),
which contrasts with neural network approaches that allow for ap-
proximations of non-linear interactions. We simulate data based on
a complex baseline hazard with time-varying interactions and 10%
random censoring. We simulate three covariates for 5000 individuals:

. N(0,0.5) ifz; =0
z; ~ Bernoulli(0.5) Z, ~
N(1,05) ifz =1

2, ~ N(1,0.5).

In addition to the methods described above, we include the exact
functional form of the covariates in a CBLR model (referred to as Op-
timal for simplicity) in the complex simulation. We obtain confidence
intervals by conducting 100 bootstrap re-samples on the training data.
We keep 15% of the data for testing before hyperparameter selection.
We use 15% of the remaining data for validation and the rest is reserved
for training. We do not perform case-base sampling on the testing set
and we set the offset term to O during prediction because the bias
from case-base sampling is appropriately adjusted for during the fitting
process. We predict risk functions for individuals in the test set, which
are used to calculate our IPA and AUC;pcy, -

4.1. Complex simulation: flexible baseline hazard, time-varying interactions

We use this simulation to assess performance on data with a com-
plex baseline hazard and a time-varying interaction. We design the
model

5
logh(t | X;) = Z(J’i W)+ Bi(zy) + Ba(zy) + B3(z3) + 7y (2) - 1) + 7p(25 - 23),

i=1
where y; = 39,7, = 3,73 = —043,y, = 1.33,y5 = —0.86,, = 5,0, =
—1,p; = 1,7, =0.001, 7, = —1 and y; are basis splines. The y coefficients
are obtained from an intercept-only cubic splines model with three
knots using the flexsurvspline function from the flexsurv package (Jack-
son, 2016) on the German Breast Cancer Study Group dataset. These
coefficients provide parameters for a complex baseline hazard from
which we can simulate. The study comprised of 686 women with breast
cancer followed between 1984 and 1989 (Royston & Parmar, 2002).
These y, p and 7 coefficients are used as our baseline hazard parameters
and are fixed for the analysis. The g coefficients represent direct effects,
7, represents an interaction and r, is a time-varying interaction.

4.2. Performance comparison in complex simulation

Fig. 2 A, E and Table 2 shows the performance over time on a test
set. The Optimal model acts as a reference for ideal performance on the
simulated data. For discrimination, the Optimal model performs best,
followed by CBNN, DeepHit, DeepSurv and the linear models (Fig. 2
E). To obtain a more realistic performance assessment, we compared
models in three case studies with a time-to-event outcome.
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Table 1
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Hyperparameters selected after three-fold cross-validated grid search along with the average IBS for each neural network model in the complex simulation (A), multiple myeloma
(MM) case study (B), free light chain (FLC) case study (C) and prostate cancer (Prostate) case study (D).

A: Complex B: MM
Hyperparameter CBNN DeepSurv DeepHit Hyperparameter CBNN DeepSurv DeepHit
Learning rate 0.001 0.001 0.001 Learning rate 0.001 0.01 0.01
Dropout 0.01 0.01 0.05 Dropout 0.1 0.05 0.01
First layer nodes 75 50 50 First layer nodes 50 100 100
Second layer nodes 50 50 50 Second layer nodes 50 25 25
Number of batches 100 500 100 Number of batches 500 100 100
Activation function RelU RelU Linear Activation function RelU RelU RelU
[+3 - - 1 [+ - - 0
IBS 0.06744259 0.07529775 0.08821864 IBS 0.09414844 0.09912649 0.1097949
C: FLC D: Prostate
Hyperparameter CBNN DeepSurv DeepHit Hyperparameter CBNN DeepSurv DeepHit
Learning rate 0.001 0.001 0.01 Learning rate 0.001 0.01 0.01
Dropout 0.05 0.05 0.1 Dropout 0.01 0.1 0.05
First layer nodes 50 100 50 First layer nodes 100 75 75
Second layer nodes 10 10 10 Second layer nodes 25 25 25
Number of batches 100 100 100 Number of batches 100 100 500
Activation function RelU RelU RelU Activation function RelU RelU Linear
[+3 - - 1 [+3 - - 1
IBS 0.09903534 0.09900328 0.09979871 IBS 0.07618916 0.07631809 0.07634624
A Complex simulation B MM FLC D Prostate
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Fig. 2. Performance of each model in the complex simulation (A, E), multiple myeloma (MM) case study (B, F), free light chain (FLC) case study (C, G) and prostate cancer
(Prostate) case study (D, H). The first row shows the IPA for each model in each study over follow-up time. Negative values mean the model performs worse than the null
model and positive values mean the model performs better. The second row shows the AUC,pqy for each model in each study over follow-up time, where higher is better.
Each model-specific metric in each study shows a 95% confidence interval over 100 iterations. Metrics are shown for six models: Case-Base with Logistic Regression (CBLR),
Case-Base Neural Network (CBNN), Cox Proportional Hazard (Cox), DeepHit and DeepSurv. The Kaplan-Meier (KM) model serves as a baseline, predicting the average curve for
all individuals. CBLR and Cox have near identical performance, resulting in curves that overlap. The Optimal model (a CBLR model with the exact interaction terms and baseline

hazard specified) shows the best performance we can expect on the simulated data.

5. Case studies

The simulation examines whether a complex baseline hazard and
time-varying interactions affect method performance. The case studies
assess performance in more realistic conditions, where we may not
know if a flexible baseline hazard or time-varying interactions are
beneficial for prediction. For each dataset, we perform a grid search
with the same hyperparameter procedure as described in the simu-
lation (three-fold cross-validated grid search). We then predict risk
functions for everyone in the test set with the selected hyperparameters,
which is used to calculate our metrics. We conduct 100-fold bootstrap
re-samples on the training data to get confidence intervals.

5.1. Performance evaluation on multiple myeloma dataset

We expect cancer may have risk factors that vary with time (Cora-
dini et al., 2000; Salmon & Melendez-Torres, 2023). As such, the first
case study examines multiple myeloma (MM), using a cohort of 3882
patients seen at the Mayo Clinic from 1947 to 1996 until death (Kyle,
1997). Data are provided by the survival package (Therneau & Gramb-
sch, 2000). We use two covariates, year of entry into the study and the
time of MM diagnosis (Kyle, 1997). We see 71% incidence over 23 years
(Kyle, 1997).

Fig. 2 B, F and Table 2 B demonstrate the performance over time on
a test set. For discrimination, CBNN and DeepHit have a similar perfor-
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Table 2
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Performance at percentages of follow-up time in the complex simulation (A), multiple myeloma (MM) case study (B), free light chain (FLC) case study (C) and prostate cancer
(Prostate) case study (D). Each table shows performance for each method at 25%, 50%, 75% and 100% of follow-up time. The models of interest are case-base with logistic
regression (CBLR), Cox, Case-Base Neural Network (CBNN), DeepHit, DeepSurv, and Optimal (in the complex simulation). The best score at each percent of follow-up time is

highlighted in bold. If tied, then all tied values are highlighted.

A:Complex IPA AUC,,
Method 25% 50% 75% 100% 25% 50% 75% 100%
Cox 0.56 0.41.00 -0.53 -1.87 0.93 0.89 0.79 0.77
(0.56,0.57)  (0.4,0.41) (-0.54,-0.52) (-1.89,-1.84)| (0.93,0.94) (0.88,0.89) (0.79,0.79) (0.76,0.77)
CBLR 0.56 0.4 -0.46 1.5 0.94 0.89 0.78 0.75
(0.56,0.57)  (0.4,0.41) (-0.46,-0.45) (-1.52,-1.48) | (0.94,0.94) (0.89,0.89) (0.78,0.79) (0.75,0.75)
0.65 -0.16 -1.02 0.94 0.89 0.85 0.88
DeepSurv | (g 65,0.65) 040404 (015-0.13) (-1.08-0.95) | (0.94,0.94) (0.85,0.89) (0.85,0.85) (0.88,0.89)
DeepHit 0.68 0.3 0.00 0.14 0.96 0.88 0.94 0.98
P (0.68,0.68) (0.3,0.31) (-0.01,0.02) (0.13,0.15) |(0.96,0.96) (0.88,0.89) (0.94,0.95) (0.97,0.98)
CBNN 0.69 0.43 0.25 0.27 0.96 0.9 0.96 0.99
(0.69,0.69) (0.43,0.43) (0.25,0.26) (0.26,0.28) | (0.96,0.96) (0.9,0.9) (0.96,0.96) (0.99,0.99)
Optimal 0.69 0.44 0.27 0.34 0.96 0.9 0.96 1.00
P (0.69,0.69) (0.43,0.44) (0.27,0.27) (0.33,0.34) | (0.96,0.96) (0.9,0.9) (0.96,0.96) (1.00,1.00)
B:MM IPA AUC ey
Method 25% 50% 75% 100% 25% 50% 75% 100%
Cox 0.00 -0.09 -0.26 -0.45 0.51.00 0.37 0.13 0.03
(0.00,0.00) (-0.1,0.09) (-0.27,0.25) (-0.47,-0.42) | (0.51,0.51) (0.37,0.37) (0.13,0.13) (0.03,0.03)
CBLR 0.00 -0.1.00 -0.25 -0.42 0.51.00 037 0.13 0.03
(0.00,0.00) (-0.1,0.09) (-0.26,0.24)  (-0.44,0.4) | (0.51,0.51) (0.37,0.37) (0.13,0.13) (0.03,0.03)
DeepSurv | 9:00 -0.09 -0.24 -0.49 0.52 039 0.24 0.09
(-0.01,0.00) (-0.09,0.08) (-0.26,0.22) (-0.53,-0.45) | (0.52,0.53) (0.35,0.4) (0.21,0.27) (0.06,0.12)
DeepHit -0.16 -1.21.00 -3.86 -3.66 0.59 0.53 0.52 0.32
P (02°012) (1421  (4.4,/331) (-417,3.15) [(0.58,0.59) (0.51,0.55) (0.48,0.56) (0.25,0.38)
CBNN 0.04 0.00 -0.01.00  -0.01.00 055 0.51.00 043 022
(0.04,0.04) (-0.01,0.00) (-0.01,-0.01) (-0.01,-0.01) | (0.55,0.56) (0.49,0.53) (0.4,0.47) (0.17,0.27)
C:FLC IPA AUC,cyy
Method 25% 50% 75% 100% 25% 50% 75% 100%
Cox 0.19 0.29 0.33 0.44 0.85 0.85 0.84 0.8
(0.19,0.19) (0.29,0.29) (0.33,0.33) (0.44,0.44) | (0.85,0.85) (0.85,0.86) (0.84,0.84) (0.79,0.8)
0.19 0.3 0.33 032 0.85 0.86 0.84
CBLR  [(0.19,0.19) (0.29,0.3) (0.33,0.33) (0.31,0.32) | (0.85,0.85) (0.86,0.86) (0.84,0.84) ©O-8(0.8.0.8)
Deepsurv | .. 0:19 0.29 0.33 038 0.84 0.85 0.83 0.82
P (0.18,0.2) (0.28,0.31) (0.32,0.34) (0.33,0.43) | (0.82,0.85) (0.83,0.87) (0.82,0.85) (0.8,0.84)
DeepHit 0.18 0.29 0.33 0.41.00 0.85 0.86 0.85 0.83
P (0.18,0.19) (0.29,0.29) (0.33,0.33) (0.36,0.46) | (0.85,0.85) (0.86,0.86) (0.85,0.85) (0.83,0.84)
CBNN 0.19 0.3 0.34 0.42 0.85 0.86 0.85 0.84
(0.19,0.2) (0.3,0.3) (0.34,0.34) (0.41,0.42) |(0.85,0.85) (0.86,0.86) (0.85,0.85) (0.83,0.84)
D:Prostate IPA AUC ey
Method 25% 50% 75% 100% 25% 50% 75% 100%
Cox 0.04 0.09 0.14 0.17 0.77 0.75 0.76 0.71.00
(0.04,0.04) (0.09,0.09) (0.14,0.14) (0.17,0.17) | (0.76,0.77) (0.75,0.75) (0.76,0.76) (0.71,0.71)
CBLR 0.04 0.09 0.14 0.17 0.77 0.75 0.76 0.71.00
(0.04,0.04) (0.09,0.09) (0.13,0.14) (0.17,0.17) | (0.76,0.77) (0.75,0.75) (0.76,0.76) (0.71,0.71)
DeepSury 0.03 0.06 0.1.00 0.12 0.71.00 0.7 0.7 0.68
(0.03,0.04) (0.05,0.07) (0.09,0.11) (0.1,0.13) | (0.69,0.73) (0.68,0.72) (0.68,0.72) ~ (0.66,0.7)
DeepHit 0.04 0.08 0.12 0.16 0.77 0.75 0.75 0.72
(0.03,0.04) (0.08,0.09) (0.12,0.13) (0.15,0.16) |(0.76,0.77) (0.74,0.75) (0.75,0.75) (0.72,0.73)
CBNN 0.04 0.08 0.12 0.14 0.76 0.75 0.74 0.71.00
(0.04,0.04) (0.07,0.08) (0.12,0.13) (0.13,0.14) | (0.76,0.76) (0.75,0.75) (0.74,0.74) (0.71,0.72)

mance, followed by DeepSurv and finally the linear models performing
worst (Fig. 2 F). For both discrimination and calibration, CBNN per-
forms substantially better than the linear models and DeepSurv, with
DeepHit having the worst performance overall (Fig. 2 B). Together,
CBNN is the best calibrated model and one of the best at discrimination
in the MM case study.

5.2. Performance evaluation on free light chain dataset

Serum free light chain (FLC) is a known diagnostic tool for assessing
MM (Dispenzieri et al., 2009). We are interested in whether there is
a predictive benefit if the FLC markers varies with time. As such the
second case study examines the relationship between serum FLC and
mortality in a random sample of half the individuals in 2 of the resi-
dents of Olmsted County over the age of 50 (Dispenzieri et al., 2012).
Data are provided by the survival package (Therneau & Grambsch,
2000) for 7874 subjects tracked until death with 27% incidence over 14
years (Dispenzieri et al., 2012). We use five covariates, total serum FLC
(sum of kappa and lambda), age, sex, serum creatine and monoclonal
gammopathy state (Dispenzieri et al., 2012).

Fig. 2 C, G and Table 2 C demonstrate the performance over time
on a test set. CBNN, DeepHit and the linear models perform best at
discrimination, followed by DeepSurv (Fig. 2 G). The rankings remain
the same aside from DeepHit where the performance periodically drops
to worse than DeepSurv (Fig. 2 C). Together, CBNN outperforms the
competing models in terms of both calibration and discrimination.
However, CBNN is only slightly better than the linear models.

5.3. Performance evaluation on prostate cancer dataset

As the CBNN model saw large predictive benefits on MM and
small predictive benefits on FLC, we wish to examine longitudinal
data with another complex risk profile. The third case study (Prostate)
examines prostate cancer survival on a publicly available simulation
of the Surveillance, Epidemiology, and End Results (SEER) medicare
study (Lu-Yao et al., 2009). The Prostate dataset, which is contained
in the asaur package (Moore, 2016), has a record of competing risks.
As we are only interested in the single event scenario, we only keep
individuals with prostate cancer death or censoring. This subset tracks
11054 individuals with three covariates: differentiation grade, age
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group and cancer state. There is a 7% incidence over 10 years (Lu-Yao
et al., 2009).

Fig. 2 C, G and Table 2 C demonstrate the performance over time on
a test set. In the prostate case study, the linear models outperform the
other models in both discrimination and calibration, followed by CBNN
and DeepHit and finally DeepSurv (Fig. 2 C, G). Aside from DeepSurv,
the performance is similar across all models.

6. Discussion

CBNNs model survival outcomes by using neural networks on case-
base sampled data. We incorporate follow-up time as a feature, pro-
viding a data-driven estimate of a flexible baseline hazard and time-
varying interactions in our hazard function. The two competing neu-
ral network models we evaluated cannot model time-varying inter-
actions (Katzman et al., 2018; Lee et al.,, 2018). The CBNN model
performs better due to its ability to model time-varying interactions
and a complex baseline hazard.

The complex simulation requires a method that can learn both time-
varying interactions and have a flexible baseline hazard. Based on
our complex simulation results (Fig. 2 A, E and Table 2 A), CBNN
outperforms the competitors. This simulation shows how all models
perform under ideal conditions with minimal noise in the data, while
the three case studies assess their performance in realistic conditions. In
the MM case study, flexibility in both interaction modeling and baseline
hazard improves the performance of CBNN over the other models,
suggesting that this flexibility aids calibration (Fig. 2 B, F and Table 2
B). Upon examination of the FLC case study, CBNN demonstrates a
small improvement to performance compared to the linear models and
DeepHit for both IPA and AUC (Fig. 2 C, G and Table 2 C). In the
Prostate case study, the linear models outperform the neural network
ones, while CBNN and DeepHit alternate their positions depending
on the follow-up time of interest and DeepSurv maintains last place
(Fig. 2 C, G and Table 2 C). We attribute this to potential over-
parameterization in the neural network models, as we did not test
for fewer nodes in each hidden layer, even with dropout. Though the
ranking places the linear models above the neural network ones, their
overall performance falls within a small range of IPA and AUC values
aside from DeepSurv.

Compared to CBNN, the neural network competitors have limita-
tions. DeepSurv is a proportional hazards model and does not estimate
the baseline hazard (Katzman et al., 2018). DeepHit requires an alpha
hyperparameter, assumes a single distribution for the baseline hazard
and models the survival function directly (Lee et al., 2018). The alterna-
tive neural network methods match on time, while CBNN models time
directly. By modeling time directly, CBNN can approximate a flexible
baseline hazard with whichever time-varying effects may be relevant
to the outcome of interest.

While we apply a full grid search with three-fold cross-validation for
all neural network models, there are an infinite number of hyperparam-
eters we did not test. A completely exhaustive search is computationally
infeasible; therefore, it is reasonable to expect that there exists a
set of hyperparameters that is better suited for each model in each
study. However, we test a reasonably large range while accounting
for potential over-fitting by including dropout (Srivastava, Hinton,
Krizhevsky, Sutskever, & Salakhutdinov, 2014). We provide the same
options to all models aside from DeepHit, which has a method specific
hyperparameter « (Lee et al., 2018). Another method of particular
interest is DSM, as it is a fully parametric model (Nagpal et al., 2021).
However, with our hyperparameter options, DSM did not converge
in the complex simulations, which may have been due to issues in
software or method specific limitations. Therefore, we did not include
this method in our comparison. With these limitations in mind, we
summarize the differences in performance across all methods in our
comparisons.
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If prediction is our goal, we suggest CBNN as the best model in the
Complex simulation, MM case study and FLC case study. The linear
models were competitive in the FLC case study and performed best
in the Prostate case study. Though neural network interpretability is
steadily improving (Zhang, Titlo, Leonardis, & Tang, 2021), there is
still a trade-off compared to regression models, especially when the
predictive performance gain is minimal, like in the FLC case study. We
suggest that reference models should be included when assessing neural
network models. Both a null model (KM curve) and a linear model
(either Cox or a flexible baseline hazard model like CBLR) provide
insight as to whether the neural network model is learning anything
useful beyond linear predictors that were not accounted for.

7. Conclusions

Our study was motivated by the lack of easily implemented survival
models based on neural networks that can approximate time-varying in-
teractions. This led us to apply the case-base sampling technique, which
has previously been used with logistic regression (Hanley & Miettinen,
2009), to neural network models for a data-driven approach to time-
varying interaction modeling. In our paper, we aim to compare CBNNs
with existing methods. We assess the discrimination and calibration
of each method in a simulation with time-varying interactions and a
complex baseline hazard, and three case studies. CBNNs outperform
all competitors in the complex simulation and two case studies while
maintaining competitive performance in a final case study. Once we
perform case-base sampling and adjust for the sampling bias, we can
use a sigmoid activation function to predict our hazard function. Our
approach provides an alternative to incorporating censored individuals,
treating survival outcomes as binary ones. Forgoing the requirement
of custom loss functions, CBNNs only require the use of standard
components in machine learning libraries (specifically, the add layer
to adjust for sampling bias and the sigmoid activation function) after
case-base sampling. Due to the simplicity in its implementation and by
extension user experience, CBNNs are both a user-friendly approach to
data-driven, single event survival analysis and is easily extendable to
any feed-forward neural network framework.
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